The Hopf sign conjecture states that a compact Riemannian 2d-manifold M of positive curvature has Euler characteristic χ(M ) > 0 and that in the case of negative curvature χ(M )(−1) d > 0. The Hopf product conjecture asks whether a positive curvature metric can exist on product manifolds like S 2 ×S 2 . By formulating curvature integral geometrically, these questions can be explored for finite simple graphs, where it leads to linear programming problems. In this more expository document we aim to explore also a bit of the history of the Hopf conjecture and mention some strategies of attacks which have been tried. We illustrate the new integral theoretic µ curvature concept by proving that for every positive curvature manifold M there exists a µ-curvature K satisfying Gauss-Bonnet-Chern χ(M ) = M K dV such that K is positive on an open set U of volume arbitrary close to the volume of M .
Introduction
1.1. The Hopf sign conjecture from the 1930ies is an important open problem in the field of global Riemannian geometry, where local quantities like curvature are linked to global quantities like Euler characteristic. It is motivated first of all from the case d = 1 where it follows from Gauss-Bonnet. The sign is explained that products M = M 1 × · · · × M d of negatively curved 2-manifolds which leads to a non-positively curved M with χ(M )(−1) d > 0. A first line of attack came through Gauss-Bonnet-Chern and Milnor's remark that the Gauss-Bonnet-Chern theorem works for 4-manifolds [15] . The full algebraic Hopf conjecture trying to prove positive Gauss-Bonnet-Chern integrand from positive curvature was explored more in [58] but counter examples due of Geroch in 1976 [24, 33] indicated that the Gauss-Bonnet-Chern integrand K can become negative even in the positive curvature case.
1.2. An other line of attack came by exploring examples of positive or non-negative curvature manifolds aiming to enlarge the class of cases supporting the conjecture and also to search for cases, where it might fail. All simply connected large dimensional 2dmanifolds are known to be spheres and projective spaces suggesting even a much more daring sphere theorem claiming that all large dimensional simply connected positive curvature 2d-manifolds are spheres or projective spaces. As for the product conjecture, all the known obstructions to in the simply connected case already are present for nonnegative curvature. This suggests that positive curvature can be deformed from nonnegative curvature. Surveys are given in [59, 60, 21] and [20] for non-positive curvature. An other approach to the conjectures is to assume that M has more symmetry like homogeneous spaces. Other symmetry programs were started by Grove in the 90ies [25] . It has led to many results like [49, 31] . 1. 3. An other line of attack is to find bounds on Betti numbers b k (M ). An early result by Gromov in the non-positive curvature case is that there is a global bound on the Betti numbers b k which only depends on dimension. To get positive χ(M ), one only needed to establish zero Betti numbers b k = 0 for odd k a fact which by Morse inequalities b k ≤ c k could be done by estimating the number c k of critical points of a cleverly chosen Morse function with Morse index m(x) = k. An other approach to exclude cohomology is Bochner's method using Hodge theory, analyzing harmonic k-forms and excluding them by excluding maxima of curvatures of such form as mentioned in [15] . The conjecture was studied also on subclasses like manifolds with strongly positive curvature. The analogue question there is called the "weak Hopf question" [8] , which however turns also to be inaccessible by the algebraic Gauss-Bonnet integrand. 1.5. Rather than insisting on finding a specific Morse function f without odd Morse indices and so get positive Poincaré-Hopf indices i f (x), one can try to average the indices over a probability space of Morse functions. The example of the projective plane for which every Morse function also has a negative Poincaré-Hopf index (χ(M ) = 1 and i f (max) = i f (min) = 1 implies there is an other x with i f (x) = −1), shows that we need in general more than one Morse function. So, maybe, some probability space (Ω, A, µ) of Morse functions produces indices i f (x) which as expectation K(x) = E[i f (x)] produces a curvature K which is positive everywhere? If M is Nash embedded into an Euclidean space E and the probability space of linear functions f v (x) = v · x with |v| = 1 is taken with the natural volume measure of the sphere in E and so on Ω then this leads to the Gauss-Bonnet-Chern integrand. As Geroch's example shows, this in general does not produce K(x) > 0 but index expectation produces more possibilities.
1.6. In some sense, Chern's 1944 approach to the Gauss-Bonnet-Chern theorem was of an integral geometric nature already using Poicaré-Hopf. Chern's proof is sketched for example in [44] : the Euler curvature K is lifted to a curvature p * K on the unit sphere bundle p : N → M , where it is dπ for a (2d−1)-form π on N such that S π = 1 for every fiber S. If X is a vector field on M with finitely many singularities x k of index i(x k ), it defines a submanifold U in N with boundary δU = i(x k )S k . Now, using Stokes theorem 2
Such acrobatics is not necessary in the discrete, where the curvature K can just be obtained by integrating over all possible Poincaré-Hopf indices i f (x), where f runs over all possible coloring of the graph. In some sense, the curvature is collected and concentrated around critical points x k of a vector field, where it produces a divisor, an integer valued point measure. In the discrete this works much easier: the curvature has been obtained by distributing the energy ω(x) = (−1) dim(x) of a simplex x to vertices. By distributing ω(x) instead to an assigned vertex v contained in x (we call this a vector field in [42] ), we get a Poincaré-Hopf divisor. The idea is conceptually close to Chern but in the continuum, we have no individual simplex elements to play with and must refer to sheaf theoretical constructs like differential forms.
1.7. When curvature is reformulated integral geometrically it leads to curvatures which can be used both for Riemannian manifolds M as well as for finite simple graphs G. The sectional curvatures is then defined as index expectation of the Morse functions f restricted to 2-dimensional geodesic sub-spaces. The tricky thing in the discrete is to prescribe exactly what we mean with "geodesic wheel subspaces" in the graph theory case. To define curvature we also need a measure µ on Morse functions f on a manifold M or the set of locally injective functions on a graph G. Each such measure produces not only curvature E[i f (x)] generalizing the Gauss-Bonnet-Chern integrand, it also defines sectional curvatures by looking at index expectation on geodesic discs exp x (D) of a Riemannian manifold M or on "geodesic wheel sub-graphs"' of G. This allows to express integral geometrically what "positive curvature" means.
1.8. The Hopf sign conjecture claiming that an even-dimensional positive curvature manifold has positive Euler characteristic or that the Cartesian product S 2 × S 2 of two 2-spheres S 2 carries a positive curvature metric can now be explored in graph theory for even-dimensional d-graphs. The set-up also revives the algebraic Hopf conjecture statement. Does positive sectional curvatures for some measure µ on Morse functions or colorings imply that for some other measure ν, the ν-curvature K ν is positive everywhere on M ? A positive answer would imply the Hopf conjecture because of Gauss-Bonnet χ(G) = M K ν dV . For classical Riemannian manifolds, the approach produces slightly stronger conjectures with more flexible statements claiming that every positive µ-curvature manifold has positive Euler characteristic and that there is no measure µ on Morse functions such that S 2 × S 2 has positive sectional µ-curvature.
1.9. Before ending the introduction, we should point out that there is no lack of proposals for notions of curvature in the discrete and especially in graph theory. Beside the combinatorial curvatures going back to the 19th century (probably first by Eberhard [19] which lead to the Levitt curvature [45, 34] which satisfies the full Gauss-Bonnet relation (where graphs are considered equipped with the Whitney simplicial complex structure) There are various proposals for Ricci curvatures like [23] . Then there are notions which depend on probability [48, 30] . A recent new approach is [18] . What appears to be new with the integral geometric proposal is that also the theorems should parallel the results in the continuum. For us, the Gauss-Bonnet-Chern result is crucial. We illustrate this here in the concept of the Hopf conjecture but one could look at from the point of view related to other topics like sphere theorems. 2.2. In the manifold case, the sectional curvature K H (x) is defined as the Gauss
and exp x is the exponential map. In the case of d-graphs, a sectional curvature of G at x is defined now as the curvature of the center x in an embedded wheel graph H which is geodesic. An embedded wheel graph H with center x is called geodesic, if there are two adjacent points a, b on the boundary of H, such that for any c on H, the geodesic triangle abc has maximal length among all c ∈ S(x). These geodesic wheel sub-graphs do not need to be unique for a given triangle x, a, b. In the graph but play the role of the geodesic disk H = exp x (D) in the continuum. A compact manifold M or a finite simple graph G can now be declared to have positive µ-curvature, if all sectional curvatures are positive for the measure µ.
2.3. In dimension 2, all wheel sub-graphs are also geodesic and any triangulation of a positive curvature 2-manifold has positive curvature in the above sense. Imposing a definite µ-curvature sign on all wheel graphs would be a very strong condition in dimensions 3 and higher. It would exclude negative curvature of dimension 3 or higher because intersections of spheres are 2-spheres and contain wheel graph which by Gauss-Bonnet have positive curvature. We therefore need to restrict the class of wheel graphs which play the role of geodesic discs H = exp x (D). In the continuum, the notion is natural because if µ is the natural volume measure on the linear functions on an ambient space of a Nash embedding of a Riemannian manifold M , it leads to the classical sectional curvature for M . [27, 28, 29, 9, 7] can now be studied also for 2d-graphs. The first adaptation of the classical Hopf conjecture to the discrete is: does positive curvature for some µ on Ω(G) imply positive Euler characteristic χ(G)? Also: does negative curvature for a 2d-graph lead to an Euler characteristic with the sign of (−1) d ? If we would ask positive curvature for the uniform measure of all colorings on all wheel graphs, this would imply that wheel graphs have 5 or 6 vertices. The graph G then necessarily is a 2d-sphere [43] . By restricting the wheel graphs to geodesic wheel graphs, the positive curvature condition becomes less strong.
The Hopf conjectures
2.5. The second Hopf question whether there a positive curvature metric on S 2 × S 2 can be ported to the discrete too. If we implement S 2 × S 2 as a finite simple 4-graph, we can ask whether there exists a measure µ on locally injective functions such that we have a positive µ curvature for all geodesic wheel graphs. This is a linear 4 programming problem. It can be asked for example for a concrete graph with 26 2 vertices, which is the product of the octahedron graph O with itself [39] and where the Barycentric refinement of O has 26 vertices.
2.6. [7] displays the Hopf conjecture as one of 4 pillar problems of Hopf guiding him in his early research. 1. the Hopf sign conjecture states that the sign of the Euler characteristic χ(M ) of a 2d manifold is (−1) d in the negative curvature case and positive in the positive curvature case, 2. The product enigma asking whether the product manifold S 2d × S 2d admits a positive curvature metric for positive d. In the book [17] the question is raised, whether in general for any two compact manifolds M, N the product M × N never allows for an everywhere positive sectional curvature. There are some remarks on [10] and that under some symmetry, there is no positive curvature metric [3] . 3 [7, 17] and finally [11] in the smooth category.
2.7.
It is a bit vexing how little of the original work is usually cited when mentioning the Hopf conjecture. Usually, the book [7] is referred to which cites papers of Hopf from the 1920ies. [9] which states the conjecture on the first page does not mention Hopf at all. We tried a bit harder. To our knowledge, the Hopf conjecture appears first stated explicitly in a talk given by Hopf in 1931 [27] . Hopf has worked on topics related to that already in the 20ies and might have been guided by the questions earlier on but it appears not visible in the writings of the 20ies, to our knowledge even so the work on generalizing Gauss-Bonnet might have been motivated by it. The question is also mentioned in a Festschrift to Brouwers 60'st birthday and was written early in 1941 [28] . A statement in a 1953 talk given in Italy mentions the relation with sign. Interestingly, the explicit sign conjecture is stated as a question in [9] without referring to any work of Hopf. Also Chern has proven earlier some result towards it, [15] (page 169), suggesting that he not only has been aware of the sign conjecture but also worked on it.
2.8.
A strong link between the continuum and discrete has always been integral geometry. Crofton formulas allow to recover measures like distances using integrals. For literature on integral geometry, see [52, 53, 32, 55] , in geometry [4, 5] . Integral geometry has been used as a glue between the discrete and continuum before an intermediate step being piecewise flat spaces [12] which was of interest also to mathematical physics due to Regge calculus [51] . For Morse theory, see [46, 47] . We have used some integral geometry related to curvature in graph theory: [36, 35, 37, 38, 40] .
Sectional curvature
3.1. The definition of sectional curvature in Riemannian manifold M uses the exponential map exp, a concept that is based on the existence of a geodesic flow. Important is to restrict the sprays to two-dimensional planes in the tangent plane T x M as the 5 curvature tensor in the continuum can be obtained from these sectional curvatures. The question appears now, how to port this to the continuum, where we have no linear structure and already for points y in distance 2 away from a given point x, more than one geodesic exists connecting x with y. The intersection S(x) ∩ S(y) is in general a (d − 1) simplex which for d ≥ 2 has more than 1 point. One can look at all embedded wheel graphs centered at x representing the Grassmannian Gr(2, T x M ), but that would be much too strong.
3.2.
We have seen in [43] that a naive positive curvature assumption is quite restrictive. If we ask for positive curvature that every wheel graph has 4 or 5 boundary points and so to curvature 1 − 4/6 = 1/3 and 1 − 5/6 = 1/6, positive curvature graphs using that notion leads directly to spheres, the reason being (and this is similar to the Berger-Klingenberg sphere theorem), because the graph is then the union of two balls. It can surprise a bit that no projective planes are allowed. The reason why no projective plane is possible is because there is not enough space to implement this. In some sense, the strong curvature condition K = 1/3 or K = 1/6 produces already a pinching condition. For negative curvature graphs, the notion of sectional curvature can not exist for the simple reason that for any d-graph for d ≥ 3 there are always positive curvature wheel graphs embedded. By Gauss-Bonnet, they are always present in unit spheres of points of d-graphs.
3.3. In order to define positive sectional curvature more realistically in the discrete, we have to select a class of geodesic wheel graphs. They need to play the role of H = exp x (D) with D ⊂ Gr(2, T x M ). As just mentioned, there is a need to restrict the set of wheel graphs which qualify to play the role of the geodesic sheets H. 
. This circle is close of being a closed geodesic in S r (x). It is not actually a closed geodesic in general because S r (x) is a (d − 1)-dimensional Riemannian manifold diffeomorphic to a sphere which in general admits only a finite number of closed periodic orbits, so that for most planes H given by an element of the Grassmanian Gr(2, T x M ), the circle S r (x) ∩ H is not a closed periodic geodesic circle in S r (x). Still, as it is close, this is what we can ask for in the discrete. We do not claim that for a given a, b the "grand circle" C is unique, it is not in general but the length of C is determined. The usual curvature 1 − |C|/6 is determined but the µ-curvature is not. 6 . Requiring all wheel graphs to have positive curvature produces only very small graphs. This was shown in [43] . In dimension 2, there are only 6 positive curvature surfaces with this strong definition.
In general, they are all spheres.
3.6. In the continuum, the definition means that C is a geodesic triangle through a, b. It might not actually be a closed geodesic as most pairs of points are not part of a geodesic circle if the sphere is not round. But for any two close points a, b in a sphere S(x) we can look at a geodesic connecting a, b on a different side than the short connection. In the continuum, we can define it as the geodesic through a, b which minimizes the total angle difference between end velocity vectors. Also in the discrete, we might have difficulty to prove that c exists if we do not assume a, b to be neighboring points. Take any geodesic triangle connecting a, b, c is what we call a geodesic circle.
Together with x the circle produces a geodesic wheel. It plays the role of H = exp x (D) in the continuum. 4.5. One reason for making the conjecture stronger is that the more general version allows continuous deformations of the measure µ, allowing to use deformation techniques. Deformations of the Riemannian metric have been tried early [10] and also Ricci flow techniques suggest new possibilities as the differentiable sphere theorem has shown. In the discrete however, where we are in a combinatorial setting and have no Riemannian metric to deform, we have a measure µ which can be deformed in a simplex of measures. When restricting to finite dimensional simplicies, we can use linear programming algorithms. [58] was confirmed in dimension 4 by Milnor ([14] Theorem 5 credits an oral communication of Milnor) but it turned out to fail in dimension 6 or higher by counter examples given by Geroch [24, 33] so that positive curvature does not imply positive Gauss-Bonnet-Chern curvature in general. Allowing for more flexibility with respect to the definition of sectional and Euler curvature allows to explore more general questions which can be ported to the discrete:
Question: If M is an even-dimensional graph G of positive µ-curvature, then there exists an other measure ν for which the Euler curvature K ν (x) is positive. 4.9. This again would imply χ(M ) = M K µ (x) > 0 and settle the discrete Hopf conjecture. Why is this exciting? Because this can be checked in principle on every given graph using a finite procedure. It is a linear programming problem: start with a measure µ giving positive curvature, now look whether one can modify µ to achieve positive Euler curvature at every point. It might well be that the modification will destroy positive sectional curvature at some places, but who cares? We are eventually only interested in the result, the Euler characteristic of G. The deformation could be done similarly than a Ricci flow in a space of measures. This space of measures is a finite dimensional polyhedron in a linear space of measures.
5. The Hopf product conjecture 5.1. Finally, let us look at a discrete analogue of the second Hopf conjecture, which is a statement about S 2 × § 2 . Classically, the conjecture is that S 2 × S 2 can not carry a positive curvature metric. The analogue stronger question is:
Question: The manifold S 2 × S 2 does not admit a µ-measure of positive curvature. [6] , there is a more general question of Yau from 1982 who observed that no simply connected non-negative curvature manifold is known for which it is proven that there is no positive curvature metric. Here is the adaptation of the Yau question to graphs:
As mentioned in
Question: Is there a simply connected d-graph G admitting a µ measure of non-negative curvature for which one can show that it has no µ measure of positive curvature? 5.3. The S 2 × S 2 Hopf conjecture in the discrete becomes:
Question: No graph implementation of S 2 × S 2 admits a µ-measure of positive curvature. 5.4. Given any concrete graph, this is a linear programming problem. We can get a µ-curvature on S 2 × S 2 which has constant Euler curvature. We need to know whether this can be deformed so that all sectional curvatures are positive. 9
6. Positive curvature 2-graphs 6.1. A 2-graph is a finite simple graph for which every unit sphere is a 1-sphere, that is a circular graph with 4 or more vertices. It is realized as a convex polyhedron of positive curvature if the angle sum α(x) at every vertex satisfies K(x) = 1−α/(2π) > 0. A polyhedron can be seen as a topological 2-manifold in which the curvature is a pure point (Dirac) measure supported on finitely many points and such that every face is a triangle. We say then that the graph G is realized as a positive curvature polyhedron in R 3 . The Gauss-Bonnet theorem tells x K(x) = χ(G). Here is the discrete Hopf statement in two dimensions: if a finite simple 2-graph G with n vertices is realized as a positive curvature polyhedron, then it has positive Euler characteristic.
As the convex hull in the geometric realization is a ball, we know even that G is a 2sphere. The reverse is true. If G is a 2-sphere it can be realized as a positive curvature polyhedron.
6.2. The notion of positive curvature allows also to put positive curvature on the discrete projective plane. There is an implementation of the projective plane with 15 vertices for which we constructed by hand an average of 65 index functions i f (x) which add up to a positive curvature. The strategy was to make a list of 15 index functions with 3 critical points each such that f j (j) = 1, then take combinations to get all coordinates positive. This linear programming problem could be solved by hand.
In general, we might want to use a computer and the simplex algorithm. . This is the famous Hopf conjecture. In two dimensions, the statement is well known, as the classification of surfaces shows that any positive curvature manifold is either a sphere or a projective plane, which both have positive Euler characteristic. In dimension 2 it follows also by Gauss Bonnnet as sectional curvature agrees then with Euler curvature. The 2-sphere has Euler characteristic 2 the projective plane, the quotient of a Z 2 action on the 2-sphere has Euler characteristic 1. One can assume the manifold to be orientable in Hopf as taking a double cover doubles the Euler characteristic. Sphere theorems give an other hint: if the manifold is orientable and the sectional curvatures are sufficiently pinched, meaning that the maximal and minimal curvature ratio is smaller than 4 at every point, then the manifold is a sphere and as even dimensional spheres have all Euler characteristic 2 by the Schläfli [54] formula χ(S n ) = 1 + (−1) n the Hopf conjecture holds under a pinching condition. The differentiable sphere theorems even give more hints: the Ricci flow smooths out a positive curvature manifold and deforms it to a sphere. However, the Ricci flow techniques are difficult; it is necessary to regularize the flow for example. It is not inconceivable that some sort of curvature heat flow smooths the geometry and deforms a positive curvature manifold to some generalized space form, where Euler curvature is positive everywhere. None has been found so far, but there is a nagging suspicion that there could be a matching deformation flow. But such a deformation argument might not exist. Worse yet, the conjecture could be wrong.
7.4.
There is a substantial difference between non-negative curvature and positive curvature but the product Hopf conjecture explains that the differences are not yet understood. Many examples are given in [59] . A non-negative curvature manifold can be the flat 2-torus for example or then S 2 × S 2 , which as a product of two positive curvature manifolds has non-negative curvature. The Hopf question about positive curvature metric on S 2 × S 2 . can be asked for graphs also: can we find an average of Poincaré-Hopf indices on a discrete S 2 × S 2 (for the Cartesian product in graphs, see [39] such that the product of a d graph and a q graph a p + q graph), such that this curvature is positive? If that is the case, then very likely also in the continuum that some index average on the manifold is positive.
8. Attacks on the Hopf conjecture 8.1. The Hopf product problem like putting a positive curvature metric on S 2 × S 2 is less clear. Results like [57] telling that no positive metric implementation can be embedded in R 6 suggest that no positive metric can exist after all. The sign conjecture is reasonable for many reasons. In [57] it is also shown that if the 2d manifold is embedded in R 2d+2 , then b 2 = 0 and χ(M ) > 0. It holds in dimension 2 and 4 and in the positive curvature case under a pinching condition by the sphere theorems. Also, if the 2d-manifold M is a product of smaller dimensional 2-manifolds with positive curvature then because the curvatures multiply K(x 1 , · · · , k d ) = K(x i ) one has a positive Euler integrand and positive Euler characteristic, also because χ(M ) = i χ(M i ) by general principles. The paper [10] mentions a curious relation between the product conjecture and the sign conjecture: if a positive curvature metric would exist on S 3 × S 3 , then this would give a negative answer to the sign conjecture. This complex two plane CP 2 ) which is homeomorphic to S 5 /S 1 , is an example, where the geometry forces any Morse function to have a critical point of Morse index 2. Equipped with the natural metric, this manifold satisfies the quarter pinching condition showing that the sphere theorems are sharp with respect to the pinching constant. 8.6. The four dimensional case is special also as the Hopf conjecture is then already a consequence of the Synge theorem [56] . The Synge theorem assures that an orientable manifold of positive curvature is simply connected and if non-orientable has fundamental group Z 2 . This is a result from calculus of variations: a homotopically non-trivial closed geodesic is a critical point of a variational problem. The analogue of the second derivative test which is given in the form of the Jacobi equations shows however that this can not be a minimum. A "rubber-band" on an orientable positive curvature surface slips off as it can be made smaller by moving it. A rubber band on a doughnut however is stable if it is placed at the most narrow part of the doughnut. The non-orientability also prevents a some rubber bands to slip off a projective plane. In four dimensions, also Gauss-Bonnet worked as the algebraic Hopf conjecture holds there. 12 8.7. The Morse case can be written a bit differently. On an even dimensional manifold, we can write the symmetric index j f (x) = (i f (x)+i −f (x))/2 as j f (x) = 1−χ(B f (x))/2, where B f (x) = S(x) ∩ {f (y) = f (x)} is the center manifold at x. In the Morse case, at a critical point, B f (x) is then either empty or a product of two spheres. The negative indices can occur only if both factors have even dimension. In the simplest case of d = 2, the center manifold B f (x) at a critical point is either empty or the product S 0 × S 0 of two zero dimensional spheres. Indeed, at a maximum or minimum, B f (x) is empty and at a saddle point the level curve through the origin is a crossed pair of lines which intersects a small geodesic circle S r (x) in 4 points.
9. An illustration using hypersurfaces 9.1. To illustrate the idea of preventing classes of critical points which leads via Morse inequalities to bounds on the Betti numbers, let us prove the following elementary hyper surface sphere theorem. already investigated early by Hopf [26] . We restrict to 4-manifolds. In general, for positive curvature 4 manifolds, the relation b 1 = 0 by the simply connectedness (Synge) and b 3 = 0 by Poincaré duality so that the Hopf conjecture in 4 dimensions follows already from the fact that all odd Betti numbers zero zero leading to a homology sphere and so Euler characteristic 2 as only b 1 = b 4 = 1 and the others are zero. But we want to illustrate the center manifold method. A hypersurface M of positive curvature bounds a convex region in R d+1 so that it bounds a solid sphere and must be a sphere, but the we want to explain the local method. Here is a proposition which is not so surprising seeing that one can find a diffeomorphism φ from M to an other manifold N which is mostly a sphere, take from there the measure µ obtained from a Nash embedding which leads to the Gauss-Bonnet-Chern curvature which is then positive, the use φ to produce Morse functions on the ambient space of M . It is not so much the result which is interesting, it is the proof which links sectional curvatures with µ-curvature. 14 
10.2.
Proof. If f is in the set Ω of Morse functions on M , the Poincaré-Hopf theorem . . , z d ) for F necessarily is simultaneously a critical point for the functions z k → g k (z k ) = f k (w 1 , . . . , w k−1 , z k , w k+1 , . . . , w d ) and the index i F (z) is the product i F (z) = k i g k (z k ). Unlike the Gauss-Bonnet-Chern integrand which by Geroch can fail to have a definite sign for d ≥ 3 and some positive curvature M , the curvature K has the right sign.
Under the positive curvature assumption, we have E[i g k (z k )] > 0 for all k and all z, w. For negative curvature, we have E[i g k (z k )] < 0 for all k. Because the random variables i g k (z k ) are independent on M × Ω d they are also uncorrelated, so that Proof. By doing the construction of the proof independently in each U k of a finite disjoint collection U k = exp x k (B r(x) ) with r(x k ) is smaller than the injectivity radius at x k , there exists a µ-curvature K which is positive in U . Since the U k are disjoint, we can form a partition of unity of M where only one of the functions ρ k 1 on each of the sets U k and zero on the other sets. If F k are the Morse functions constructed on U k as done in the proposition, then by parametrizing the partition of unity we can get (using Sard, see in the more detailed form given by [47] ) that most of the gluing produces indeed global Morse functions even-so they must become wild in M \ k U k . 10.4. This does by no means solve the Hopf conjecture as the curvature K could be very negative in the remaining part of measure and render M K dV negative. And we have currently no idea how to control the curvature there. Note for example that we can for any 2-surface produce a metric that has positive curvature on most of the manifold: take a sphere and attach tiny handles to it. The handles can have arbitrary small area and still produce negative Euler characteristic. 10.5. We are not aware how to deform the Riemannian metric to achieve this for the Gauss-Bonnet-Chern integrand and Geroch's example shows that such an attempt is futile in general. Constructing more general measures allowed us to do that. Unfortunately, we can not control the places where the different patches are glued with the partition of unity. The different patches would have to be aligned nicely in order to 16 control the curvature there. It is not excluded however that one can make the argument global for certain classes of manifolds.
Discrete and Continuum
11.1. Finally, we want to look at the problem whether the discrete and continuous results can be linked in some way. Given a compact Riemannian 2d-manifold M of positive curvature. Let G = (V, E) be a finite simple 2d-graph which triangulates M . Assume that M is isometrically embedded in an Euclidean space. We can assume that the vertices v ∈ V are points in M and so in E. Let µ be the usual rotational homogeneous rotationally invariant measure on linear functions. Almost all linear functions f (x) = v · x in E with |v| = 1 are both Morse functions on M as well as locally injective function on G. Now, if G is fine enough the sectional µ on G as defined here is positive too. If the sign Hopf conjecture is true for graphs, then χ(G) > 0 but as χ(G) = χ(M ) if the triangulation is fine enough, we also have χ(M ) > 0.
11.2. This argument is convincing but it needs to be made more precise. There is previous work which does similar things like [12] . Let us state this
Question: If the Hopf conjecture holds for finite simple 2d-graphs G with positive µ sectional curvature, then the Hopf conjecture holds for Riemannian 2d-manifolds M with positive µ sectional curvature.
11.3. One can also look at the other direction. Assume the Hopf conjecture is true for manifold, does it hold for graphs? This is less clear as one can imagine small graphs where things are different. The question might anyway be mute as both cases could be true.
11.4. We expect that also the sphere theorems work in the same way as in the continuum.
Question: Assume a simply connected Riemannian manifold M allows for a µ curvature that has positive sectional curvatures and which satisfies the quarter pinching condition, then M is diffeomorphic to a d-sphere.
In the discrete, one can ask Question: Assume a finite simple graph G has a µ curvature which leads to positive sectional curvatures and which satisfies the quarter pinching condition, then G is a d-sphere (as a d-graph).
11.5. This is expected to be difficult to prove, unlike the simple case, where we ask every embedded wheel graph to have positive curvature (meaning that there are 4 or 5 boundary points in the wheel graph). In that case, the simple connectivity is not necessary and the graphs are very small [43] . 17 11.6. The question relating the discrete and the continuum also is relevant when looking at metric properties. Given a measure µ one can by the Cauchy-Crofton formula also define a distance between two points. This can also be used in the discrete. A minimizing path γ connecting two points a, b in a graph does in general not exist uniquely. But given a locally injective function f ∈ Ω on the graph we can look at the random variable N γ (f ) counting the number of edges in γ where f changes sign. This defines the pseudo metric d(x, y) = inf γ(x,y)
where the infimum is taken over all curves connecting x with y with the understanding that d(x, y) = ∞, if x, y are not connected. The Kolmogorov quotient of all equivalence classes of the equivalence relation given by d(x, y) = 0 defines a metric space. For reasonable probability spaces (Ω, µ) the Kolmogorov quotient is not needed. An example is if the graph G is embedded in some large dimensional R n . Taking the space of linear functions, one gets the length of the polygonal path. By perturbing the measure µ one can achieve however that geodesic connections are in general unique.
